The compound configuration is a good option for helicopters to break through speed limitation and improve maneuverability. However, the compound configuration applied on the small-scale helicopter has not been investigated in detail. In this study, an 11-state nonlinear dynamics model of a small-scale compound helicopter was established with the help of first physical principles and linear modification method. The ducted fan, free-rotate wing and horizontal stabilizer were considered in the compound configurations. To validate the accuracy of the model, high-quality flight data were obtained in hover and forward flights from 15 m/s to 32 m/s. Results show that the overall responses of the developed nonlinear model matched the hover data. In forward flight, it was proved that the nonlinear model has high accuracy in agreement with trim results and time-domain simulations. The wing model works well below 27 m/s. Furthermore, the effectiveness of the elevator and aileron in high speed was also verified in the simulation of a coordinated turn.
Introduction
Conventional helicopters use the rotor as the main lift component. In high-speed forward flight, the main rotor is operated in a complex mode. It provides forward thrust while providing the upward lift. This working mode suffers from disadvantages. Helicopters have notably good low-speed characteristics and can vertically take off and land (VTOL), which minimizes the requirements for a landing field. The helicopter can complete many rescue missions and heavy transport missions. In contrast, the fixed-wing aircraft offers excellent performance in the high-speed range. In a high-speed flight condition, the fixed-wing aircraft, which has a pure lift generator (wing) and a pure thrust generator (propeller), is much more efficient than a helicopter.
Aviation pioneers have attempted to combine fixed wing components with the helicopter to design a better configuration since the mid-20th century. For attack demands, many compound configurations were created to achieve better speed performance, enhanced cruise efficiency and higher altitude characteristics for aircraft such as the AH-56A Cheyenne, the Piasecki X-49A Speedhawk of 2007, the Sikorsky X2 demonstrator of 2008 and the Eurocopter X3 of 2010. The cruise speed of the compound helicopter exceeded 250 knots [1] , which is a truly impressive result. The strategies of these existing products vary but the common point is that they all use propellers to create extra thrust and a wing is required to unload the rotor, except for the X2, which makes use of coaxial rotors. A fundamental compound helicopter configuration [2] uses a wing to unload the rotor and a propeller to create forward thrust in forward flight.
There is some research that focuses on the application of full-scale compound helicopters. In References [3] and [4] , the authors investigated the trim results and the dynamic behaviors of
•
Configuration D: general helicopter + ducted fan.
Configuration WD: general helicopter + ducted fan + wings.
In addition, one more configuration is considered for simulation purpose (see Figure 2a ,b):
• Configuration WDH: general helicopter + ducted fan + wings (work also as ailerons) + elevator (on the horizontal stabilizer).
In the following sections, the design of the SCH and the method of parameter collection will be introduced in a detailed manner.
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General Helicopter Components
The FORZA 700 helicopter was used as the main component in SCH prototype model. This version is an electric type, motor powered. It does not have a stabilizer bar. To obtain all of the parameters needed for analysis, five steps can be used: direct measurement, ground experiment, aerodynamic coefficient gathering, flight testing and fine-tuning [20] . Now the first two steps will be expanded.
The size parameters were directly measured and the blade moment of inertia was calculated. The center of gravity (CG) was measured using the suspension method. High-quality photos were captured at each suspension position and the intersection point (CG) of the suspension lines was found by photo post-processing. The measured parameters are shown in In addition, one more configuration is considered for simulation purpose (see Figure 2a ,b):
The size parameters were directly measured and the blade moment of inertia was calculated. The center of gravity (CG) was measured using the suspension method. High-quality photos were captured at each suspension position and the intersection point (CG) of the suspension lines was found by photo post-processing. The measured parameters are shown in 
The size parameters were directly measured and the blade moment of inertia was calculated. The center of gravity (CG) was measured using the suspension method. High-quality photos were captured at each suspension position and the intersection point (CG) of the suspension lines was found by photo post-processing. The measured parameters are shown in Table 1 : The swashplate of the helicopter was controlled by three servo actuators. The fourth servo controlled the tail rotor. θ 0 , θ 1c and θ 1s (deg) are the main rotor pitch components, which represent collective pitch, lateral cyclic pitch and longitudinal cyclic pitch, respectively. θ T (deg) is the tail rotor collective pitch. The four control angles can be decided based on the pitch linkage and swashplate geometry as below:
where (θ 00 , θ 1c0 , θ 1s0 , θ T0 ) correspond to the mid-point of the pitch angle ranges; (θ A1 , θ A2 , θ A2 , θ A2 ) are the control signals of the four servo actuators (normalized to [−0.5,0.5]). The three swashplate actuators are equispaced as shown in Figure 3 . All the linkage gains can be obtained by identification tests on the ground, shown in Table 2 . After (θ 0 , θ 1c , θ 1s , θ T ) were obtained, the variables were normalized to [−0.5,0.5], marked as δ col , δ lat , δ lon , δ ped , respectively denoting collective, lateral cyclic, longitudinal cyclic and pedal control inputs. 
Compound Components
In the early stage of the research, the basic FORZA 700 helicopter (Manufacturer: JRPROPOJapan Remote Control Co,. Ltd, Tokyo, Japan) was tested in automatic flight. It was found that above 20 m/s the helicopter showed generally bad flight performance, such as large negative pitch angle, large collective pitch and high power consumption. It was hypothesized that, by combining features of ducted fan and wing, the maximum speed of the helicopter could be increased and the flight quality at high speed will be improved. A target for realization of 30 m/s forward speed in SCH was set. The size of the compound components was decided as follows.
For the wing component, the lift of the wing was expected to produce 80~90% of the total lift needed for the whole helicopter, from 20 m/s to the highest speed. The wingspan was chosen equal to R mr , with an 11% cut at the root by the airframe. The lift was predicted by using CFD method. NACA4415 airfoil was selected due to its higher lift-to-drag ratio and sufficient thickness. For the ducted fan, similarly, the thrust was expected to create 80~90% of the total forward force. The choice of the ducted fan also took into consideration the weight and capacity of the batteries. In addition, the horizontal stabilizer was designed for balancing the pitching moments and exercising pitch control at high speed. The horizontal stabilizer was placed on the top of the T-tail, relatively clear of the rotor wake, as shown in Figure 2 . The elevator occupied 36% of the stabilizer's chord and its span equals to that of the stabilizer. Finally, the parameters of compound components are shown in Table 3 . 
Overall Parameters
After assembling all components, the first item was the measurement of the CG (described above). Then, the work moved on to the moment of inertia of the helicopter. The moment of inertia can be obtained by physical experiments using the trifilar pendulum method [18] . In this method, a frame was built and was suspended by three ropes. The helicopter was placed on the frame centered at the CG and the oscillation period was recorded to calculate the 3-axis moment of inertia.
The weight distribution of Configuration WD is shown in Figure 4 . All the data were collected from the real prototype model. The compound components accounted for 31.3% of the entire weight. The total weight m was 9.5 kg. This total weight was the same between Configuration D and Configuration WD. In Configuration D, the model had extra weight installed to replace the wing. The onboard computer was suspended under the airframe board. It sent control signals to the actuators and recorded the flight data into a SD card.
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SCH Nonlinear Mathematical Model (NMM)

Modeling According to First Physical Principles
Main Rotor Model
To build a whole dynamics model, a method with suitable complexity must be chosen. For this 2-blade single-rotor small-scale helicopter, the complex rotor dynamics can be simplified while maintaining sufficient accuracy. First, a uniform inflow model was adopted and the induced velocity was iteratively computed with the rotor lift [21] . A coupled first-order tip-path-plane (TPP) equation in roll and pitch motions was applied [12] : 
SCH Nonlinear Mathematical Model (NMM)
Modeling According to First Physical Principles
Main Rotor Model
To build a whole dynamics model, a method with suitable complexity must be chosen. For this 2-blade single-rotor small-scale helicopter, the complex rotor dynamics can be simplified while maintaining sufficient accuracy. First, a uniform inflow model was adopted and the induced velocity v imr was iteratively computed with the rotor lift [21] . A coupled first-order tip-path-plane (TPP) equation in roll and pitch motions was applied [12] :
where τ f is the rotor time constant, γ is the rotor Lock number, K β is the spring constant of the flapping configuration and I β is the blade moment of inertia about the flapping hinge. a and b are the longitudinal and lateral flap angles.
where a 0 is the lift coefficient slope of blade. In hover condition, γ can be corrected for the inflow effects [13] . The effective Lock number γ e f f is
where s is the rotor solidity and λ i is the non-dimensional inflow ratio, λ i = √ C T /2. The rotor force and moment can be simplified using the TPP equation.
Appl. Sci. 2019, 9, 1087 7 of 21
where X, Y and Z are forward force, side force and upward force, respectively. L, M and N are roll moment, pitch moment and yaw moment, respectively. T mr is the rotor thrust, calculated by the blade element method. This simplification (Equation (6)) is credible for µ < 0.3 (equivalent to u < 42.7 m/s for SCH) [21] . According to our flight condition, the simplification is trustworthy. The rotor rotation speed Ω mr was fixed by the Krosmik ESC to 1700 rpm during the flights. N mr was calculated by the integration of blade elements' drag [22] .
Airframe Model
The form of the helicopter airframe was irregular. Even if the fairing was installed, the airframe can produce notably little moment. The forces can be expressed by drag area and velocities [20] :
where u, v and w are the 3-axis velocities. The subscript b represents the airframe coordinate system [23] . S f x , S f y and S f z represent the airframe effective drag area in three axes. These drag areas can be obtained by measuring the projected areas of three axes on a 3D CATIA helicopter model.
Tail Model
The tail rotor model is similar to that of the main rotor but simpler. In this section, the flapping of tail rotor was neglected. The velocity field was influenced by the induced velocity from the main rotor. The function of the tail rotor is to balance the anti-torque and produce a yaw moment. Thus, the yaw moment created by the tail must be equal to the torque of the main rotor at the steady condition. The induced velocity of the tail rotor can be iteratively computed in a manner similar to that used on the main rotor. The tail rotor had only one control parameter, δ ped . The thrust T tr was calculated by the blade element method. Then,
In the steady condition,
Vertical Fin Model
Most of the time, the vertical fin had a safety-related function rather than a stability function for this helicopter. There was no rudder on the vertical fin. Yaw control in real flights totally relied on the tail rotor. When the speed increased, the force and moment of this small fin would be enlarged.
where α s is the stall angle of vertical fin, v v f is the side velocity at the position of the vertical fin and a 0v f is the lift coefficient slope.
Ducted Fan Model
The static thrust and power data of the ducted fan were obtained from ground experiments. The results are shown in Figure 5 . The ducted fan can produce an x-direction force X duct and y-axis moment M duct . The delay of the force action was estimated as 0.4 s. The control signal δ duct was normalized to [0,1].
Vertical Fin Model
Most of the time, the vertical fin had a safety-related function rather than a stability function for this helicopter. There was no rudder on the vertical fin. Yaw control in real flights totally relied on the tail rotor. When the speed increased, the force and moment of this small fin would be enlarged. a is the lift coefficient slope.
Ducted Fan Model
The static thrust and power data of the ducted fan were obtained from ground experiments. The results are shown in Figure 5 . The ducted fan can produce an x-direction force duct X and y-axis 
Wing Model
In the previous research such as in Speedhawk compound helicopter, for reducing the cost of drag under hover condition, a large area of flap was partitioned on the wing. Apart from the drag in hover, problems arise during a transition flight when the angle of attack (AoA) is influenced by the airframe pitch angle. To solve these problems, a free-rotate wing was designed and installed on the test model. The wings on both sides of the airframe can rotate around its pitch axis controlled by servo actuators. The wing angle can change from −20 • to 90 • , which meets the demand of the VTOL inflow condition. Different input signals in each half of the wing also made the aileron control possible. The innovative wing solved the interference problem to a simple one. When in hover, the wing rotated to vertical orientation and in forward flight, the wing rotated to level orientation. During forward flight, the influence of the airframe pitch angle on the wings was balanced automatically.
Mode 1
Hover :
Mode 2 Forward flight :
In the mode illustrations, θ is the pitch angle of helicopter. θ a is the maneuver signals of aileron differential angles on each half of the wing. t w is the delay of the pitch control. θ w is the pitch angle of the wing with respect to the helicopter's body-fixed axes. During hover, θ best was set to 90 o and the wing was in vertical position for reducing drag. In forward flight, θ best was selected for a greater ratio of lift-to-drag coefficient with consideration of a suitable moment. In the experiments, θ best was set to 5 o in mode 2. The angles mentioned above are shown in Figure 6 .
automatically. (19) In the mode illustrations, θ is the pitch angle of helicopter. θ a is the maneuver signals of aileron differential angles on each half of the wing. w t is the delay of the pitch control. θ w is the pitch angle of the wing with respect to the helicopter's body-fixed axes. During hover, θ best was set to ο 90 and the wing was in vertical position for reducing drag. In forward flight, θ best was selected for a greater ratio of lift-to-drag coefficient with consideration of a suitable moment. In the experiments, θ best was set to In the modeling, to reduce the complexity, the interference from the main rotor to the wing was simplified by a linear interference assumption: First, calculate χ , the wake skew angle of main rotor. In the modeling, to reduce the complexity, the interference from the main rotor to the wing was simplified by a linear interference assumption: First, calculate χ, the wake skew angle of main rotor.
With the aid of the CATIA helicopter model, it is known that when χ < 70 • , the wing was located inside the wake of the rotor. In this condition, v imr should be considered. When χ > 70 • , the wing was clear from the rotor wake and thus v imr should not be a factor. Then a linear change of v imr between χ ∈ [0 • , 70 • ] was assumed. The forces of the wings can be decided and the lift and drag in mode 2 can be written as:
where y is the distance to the rotor shaft. The subscript y represents the value of variables at the position y. c is the wing chord. C l and C d are the lift and drag coefficients, respectively. α w represents the inflow angle.
Horizontal Stabilizer Model
The horizontal stabilizer improves the pitch stability at high speed. When the speed increases, the stabilizer acts as a small wing that produces forces under the action of flow. Suppose α ht is the effective AoA of the horizontal stabilizer. The pitch moment M ht and lift T ht produced by the stabilizer can be expressed as below:
where C Lα ht .ht is the lift coefficient slope of horizontal stabilizer. The horizontal stabilizer had an elevator on it. When the elevator deflected, it produced a lift increment ∆T ht to the horizontal stabilizer. The lift increment caused a pitch moment increment ∆M ht to the entire helicopter.
In Equation (28), θ e is the elevator deflection angle. C Lθ e .ht is the lift coefficient slope of θ e , where C Lθ e .ht = ∂C L.ht /∂θ e . C L.ht is the lift coefficient of horizontal stabilizer. According to [24] , the coefficient of efficiency η e can be expressed as follows:
Thus,
Full Dynamics Model
After establishing the mathematical models of all components, an 11-state nonlinear SCH simulation model is assembled. The model has seven inputs: four command signals of general helicopter δ col , δ lat , δ lon , δ ped and three command signals of compound components (δ duct , θ a , θ e ).
To simulate the helicopter responses under the control signals, the rigid-body motion of equations is written in the Newton-Euler form:
.
. The moment of inertia is defined by I = diag 3×3 ( I xx , I yy , I zz ). Φ is the velocity transformation matrix from body coordinate system [23] to ground coordinate system.
Nonlinear Model Modification
The advantage of a nonlinear model is that it contains dynamic features of a wider flight envelope. However, the accuracy of pure nonlinear modeling of helicopters is always unsatisfied. On the contrary, the linear models obtained from system identification method can provide more accurate results but only under the particular test conditions. Therefore, in this study, a linear modification method was designed to improve whole-model performances. The method extracted several essential nonlinear parameters and modified them with reference to system identification results.
In this section, the identification results adopt previous experience on SCH in References [25, 26] . The procedure was conducted in frequency domain, assisted of CIFER software [13] (developed by NASA Ames Research Center). Table 4 gathers the main identified parameters from CIFER and Figure 7 plots the frequency comparisons with flight results. As shown in Figure 7 , the frequency responses of the linear identification model (IDM) matches the flight data in high quality. The cost value quantifies the matching quality. The smaller the cost value, the higher the matching degree in frequency domain. According to CIFER, a cost value lower than 100 can reflect a good quality of the identification results [13] . In Table 4 , the cost values meet the requirement. In the following section, the modification will be conducted firstly in hover condition and then in forward flight condition. 
Hover Modification
In hover condition, Configuration D model was applied in the tests. According to the previous analysis, the coupled roll pitch TPP equations (Equation (2)) were in a linear form, which can be easily modified using IDM results by 
The flap equations in NMM were replaced entirely by Equation (34). The yaw dynamics contained a strong head-lock control law (in a 3-axis gyro component), which was linear too. It can be decided entirely by the identified gyro model [25] , which contains the parameters r N and δ ped N in Table 4 . Apart from these two directions, there are six essential derivatives to be discussed:
1. Heave damping derivative w Z and heave maneuver derivative col Z :
Because, the main rotor dominated the heave direction throughout the flight envelope [19] . w Z 
In hover condition, Configuration D model was applied in the tests. According to the previous analysis, the coupled roll pitch TPP equations (Equation (2)) were in a linear form, which can be easily modified using IDM results by
The flap equations in NMM were replaced entirely by Equation (34). The yaw dynamics contained a strong head-lock control law (in a 3-axis gyro component), which was linear too. It can be decided entirely by the identified gyro model [25] , which contains the parameters N r and N δ ped in Table 4 . Apart from these two directions, there are six essential derivatives to be discussed:
1. Heave damping derivative Z w and heave maneuver derivative Z col :
Because, the main rotor dominated the heave direction throughout the flight envelope [19] . Z w and Z col can be expressed as:
where K col is the scaling paraments to transform θ col (rad) to δ col ([−0.5, 0.5]). In the above equations, (ρ(Ω mr R mr ) 2 πR 2 mr /m) was a constant value. Assume λ i and s were estimated correctly, then the two nonlinear parameters a 0 and K col can be updated by Z w and Z δ col from IDM.
Pitch damping derivative M a and roll damping derivative L b :
Similarly, the main pitch and roll moments were mainly decided by the main rotor in an approximate form:
where N b is the blade number. (T mr H mr ) was a small value. Assume (T mr H mr ) was estimated correctly, then the nonlinear parameters K β , I xx and I yy can be corrected by M a and L b from IDM.
Forward velocity derivative X u and lateral velocity derivative Y v :
The forward velocity derivative was influenced mainly by main rotor and airframe.
where X u f depends on S f x (the forward effective drag area of airframe). The x-force in the nonlinear model can be modified by using the following equations:
For example, from Tables 4 and 5 , we can get ∆X u = −0.041. Then according to Equation (41), the updated x-force X = X( N MM ) − 0.041 · m · u. If we linearize this equation and calculate the updated forward velocity derivative ∆X u ( N MM ), the updated ∆X u ( N MM ) = −0.0192 − 0.041 = −0.0602 = ∆X u ( IDM ). Therefore, the updated ∆X u ( N MM ) coincides with ∆X u ( IDM ) in hover condition. This method guarantees a good accuracy of x-force modification in hover, while the high-speed features should be checked in the following validations. The lateral direction was influenced by three parts: main rotor, airframe and tail rotor.
Then, the y-force was modified as:
Forward Flight Modification
There are two kinds of parameters that play an important role in high speed. One is the airframe drag, the other is the aerodynamic coefficient of the wing. These two aspects have a great impact on the following parameters: X u , L p , and L θ a . Other parameters do not change greatly from hover to 32 m/s, which means the hover modification is still valid. In high speed, X u can be modified in a similar way in Equations (40) and (41) according to X u (IDM).
But the lateral derivatives are different. Primarily, suggest that the dynamic model of the helicopter components was accurate in high speed. Then the error of lateral derivatives was mainly caused by the error of prediction on the wing part. During lateral control and rolling, the actual inflow of the wing was poorly estimated due to the interference of airframe and rotor. Thus, modifying the actual inflow angle of the wing proportionally was the best and most efficient way to correct these lateral derivatives in NMM by using L p (IDM) and L θ a (IDM).
For example, in a roll movement, the change of the effective inflow angle a at different lateral position y can be approximately expressed as ∆a(y) = py/u [24] . If we introduce a proportion parameter ξ in the inflow angle, then ∆a(y) = ξ py/u. Consequently, L p will be changed with respect to the value of ξ. Similarly, in aileron maneuver, ∆a ≈ ξθ a . It is discovered that, by defining one ξ, both L p and L θ a can approximately fit the IDM results.
Finally, 10 mentioned modified parameters are gathered in Table 5 . Both the previous values and the updated values are shown in the table. In Table 6 , the eigenvalues of the linearized-modified NMM model at hover are compared with the IDM results. The eigenvalues in [ζ e , ω e ] denotes the second-order system and (σ e ) represents for first-order system. ζ e is the damping ratio, ω e (rad/s) is the natural frequency and σ e is the real part of the complex eigenvalue. From the table, we can see the eigenvalues of NMM at hover are close to the IDM's, which indicates a credible performance of the updated NMM. In the following sections, "NMM" indicates the results from the updated NMM. 
Flight Experiments
In hover flight, sweep-motions were manually conducted on Configuration D in longitudinal direction, lateral direction and yaw direction. Time duration was 10 s~15 s. The input control signals and output responses were recorded by the onboard computer. The output responses are angular velocities, linear accelerations, Euler angles, power and so forth.
In high speed condition, the compound flights were difficult to conduct manually. Thus, Configuration D and Configuration WD were realized in automatic flights. The control algorithm written in the onboard computer made the helicopter fly at a constant height following a route. Figure 8 Appl. Sci. 2019, 9, 1087 14 of 21
shows the control logic in the tests. The helicopter performed an acceleration from hover to the target forward speed and maintained the target speed in straight and level status. In the allocation algorithm, from low speed to high speed, the ducted fan gradually replaced the action of the longitudinal cyclic pitch δ lon to control the forward speed. In general configuration, the helicopter needs to maintain a −10 o pitch angle at 25 m/s to provide necessary forward thrust. But after installing the ducted fan in Configuration D, it only needs a constant −2 o pitch angle at 25 m/s and the ducted fan dominated the forward-direction control. In the experiment of Configuration WD, θ a was set to zero and the lateral control still relied on the lateral cyclic pitch of the main rotor. The T-style vertical and horizontal stabilizer were not installed in these validation experiments. From the forward flight data, 5 s~10 s period of stable speed section at different target speeds were extracted. The criteria of selecting the stable speed sections were: error of forward speed |∆u| ≤ 0. 
Results and Discussion
Hovering Validation
In hover validation, three directions were tested by sweep inputs under Configuration D. In Figure 9 , the simulation results are compared with the helicopter responses in real flights. As observed from the comparisons, the calculations of the three directions follow the flight data well. Variance Accounted For (VAF) was calculated to verify the correctness of the model. All VAF are higher than 91%. The VAF of θ and φ are in similar range with q and p , indicating good predictions in hover. Compared with the IDM results in Reference [26] , the correctness got from NMM are slightly lower then IDM. For example, in Figure 9a 
Results and Discussion
Hovering Validation
In hover validation, three directions were tested by sweep inputs under Configuration D. In Figure 9 , the simulation results are compared with the helicopter responses in real flights. As observed from the comparisons, the calculations of the three directions follow the flight data well. Variance Accounted For (VAF) was calculated to verify the correctness of the model. All VAF are higher than 91%. The VAF of θ and φ are in similar range with q and p, indicating good predictions in hover. Compared with the IDM results in Reference [26] , the correctness got from NMM are slightly lower then IDM. For example, in Figure 9a , q VAF = 92.1%, while in IDM, VAF = 93.4%; In Figure 9b , p VAF = 91.1%, while in IDM, VAF = 92.9%. Although in hover condition, NMM might not be as accurate as IDM, it is good enough for later research.
In addition, a large fluctuation in total power was found in the yaw excitation test. The main ESC had notably good functions and was able to record the motor and main battery parameters into a SD card during flights. Using the actual voltage and current of the battery output, the power dissipation of the entire helicopter in flights were obtained. In the simulation, the main rotor power and tail rotor power were calculated separately. The power simulations compared with flight data are shown in Figure 10 . It is observed that the calculation of gross power matches well with the recorded power. In hover flight, the main rotor and tail rotor are the main power-consuming components. According to the calculations, the power of main rotor occupied approximately 85% of the gross power. During a yaw maneuver flight, the tail rotor power varied, making the gross power change from 1 kW to 1.7 kW, while power of main rotor was more stable.
higher In addition, a large fluctuation in total power was found in the yaw excitation test. The main ESC had notably good functions and was able to record the motor and main battery parameters into a SD card during flights. Using the actual voltage and current of the battery output, the power dissipation of the entire helicopter in flights were obtained. In the simulation, the main rotor power and tail rotor power were calculated separately. The power simulations compared with flight data are shown in Figure 10 . It is observed that the calculation of gross power matches well with the recorded power. In hover flight, the main rotor and tail rotor are the main power-consuming components. According to the calculations, the power of main rotor occupied approximately 85% of the gross power. During a yaw maneuver flight, the tail rotor power varied, making the gross power change from 1 kW to 1.7 kW, while power of main rotor was more stable. In addition, a large fluctuation in total power was found in the yaw excitation test. The main ESC had notably good functions and was able to record the motor and main battery parameters into a SD card during flights. Using the actual voltage and current of the battery output, the power dissipation of the entire helicopter in flights were obtained. In the simulation, the main rotor power and tail rotor power were calculated separately. The power simulations compared with flight data are shown in Figure 10 . It is observed that the calculation of gross power matches well with the recorded power. In hover flight, the main rotor and tail rotor are the main power-consuming components. According to the calculations, the power of main rotor occupied approximately 85% of the gross power. During a yaw maneuver flight, the tail rotor power varied, making the gross power change from 1 kW to 1.7 kW, while power of main rotor was more stable. 
Forward Flight Validation
For verifying the reliability of the established nonlinear model in high-speed forward flights, the simulation results from NMM are compared with the trim data.
As shown in Figure 11 , the solid points and hollow points represent the trim results in the stable Figure 10 . Power dissipation comparisons during the yaw maneuver in hover.
As shown in Figure 11 , the solid points and hollow points represent the trim results in the stable speed sections. One data point represents one flight. The NMM predictions are presented by lines. In Configuration D, the maximum speed from experiments is 32 m/s, while in Configuration WD, the maximum speed is 30.7 m/s. (Figure 11e ) presented greater negative value and the helicopter showed worse overall performance relative to the optimal. In the pitch angle simulation (Figure 11e ), the nonlinear model gives very good agreement with data for both conditions. In Figure 11b ,h there are some underestimates on the collective pitch and the total power in Configuration WD above 27 m/s. It is because a greater interference from the rotor wake under a large negative pitch angle cannot be captured accurately by NMM. In Figure 11c ,d the trim values of lat δ and lon δ all focused around zero, which represents a balanced moment condition. In the roll angle calculation (Figure 11f ), the nonlinear model fits the Figure 11a shows the only one compound control signal δ duct . δ duct reached its highest value in Configuration D 32 m/s. Due to the fact that Configuration WD had greater drag then Configuration D, δ duct in Configuration WD reached the highest point at 27 m/s. Subsequently, above 27 m/s, the pitch angle (Figure 11e ) presented greater negative value and the helicopter showed worse overall performance relative to the optimal. In the pitch angle simulation (Figure 11e ), the nonlinear model gives very good agreement with data for both conditions. In Figure 11b ,h there are some underestimates on the collective pitch and the total power in Configuration WD above 27 m/s. It is because a greater interference from the rotor wake under a large negative pitch angle cannot be captured accurately by NMM.
In Figure 11c ,d the trim values of δ lat and δ lon all focused around zero, which represents a balanced moment condition. In the roll angle calculation (Figure 11f ), the nonlinear model fits the trim results of Configuration D closely. In Configuration WD, the simulation of the roll angle shows a lower estimation. The flight data of roll angle in Configuration WD was more scattered. This is because the Configuration WD carried a large wing component, which was more sensitive to the influence of lateral wind. Figure 11g ,h show the overall characteristics of the compound helicopter. ζ is a defined ratio, named the forward thrust ratio:
where sin(−θ) represents the projection of main rotor lift on the x-axis, X duct /mg represents the contribution of forward thrust by the ducted fan. This ratio is simple measure of the contribution of the ducted fan to net forward propulsive force. In the designing process, the expectation of the ratio in forward speed above 25 m/s is 80~90%. The real ζ (Figure 11g ) of Configuration D was exactly in 80~90%, which meets the expectation. In ζ calculations, the nonlinear model predicts closely to the real data in both conditions. Figure 11h shows the total power recorded by the main ESC. In Configuration D, the nonlinear model predicts the power in high accuracy and in Configuration WD below 27 m/s, the power calculation shows credible results around the flight results. Additionally, in Figure 12 , groups of time-domain data were extracted for simulation. The data contain part of the accelerate section and the stable speed section. Two sets of data are presented in the figure In summary, the nonlinear model has high accuracy over a large speed range, which guarantees the effectiveness of later analysis. In this validation, it is proved that the 2-mode controlled wing can work effectively, and the wing model based on the linear interference assumption is credible below 27 m/s. The ducted fan is efficient in providing forward thrust and unloading the main rotor. The nonlinear model with modification is successful in predicting the whole-helicopter dynamics.
Configuration WDH Simulation
In this section, the study expands the research of SCH nonlinear model. A comprehensive investigation is conducted in a new simulation route by considering the elevator and aileron in Configuration WDH. The newly added components have been introduced in Section 3, such as the T-style vertical/horizontal stabilizer, the elevator on the horizontal stabilizer and the aileron function in wing component. The coordinated turn is a systematic control route. The turn should coordinate elevator control, aileron control and yaw control to perform a perfect turning circle. The structured H ∞ control method was adopted in the simulation. The control requirements were:
where φ was controlled by aileron. r was still controlled by tail rotor collective pitch. q was controlled by the elevator on the horizontal stabilizer. The simulation was conducted on u b = 20 m/s.
In the simulation, as shown in Figure 13 , the Configuration WDH performs a perfect coordinated turn in a semi-circle. The error of height is less than 2 m. In Figure 14 , variations of multiple variables during the turn are plotted. The control of θ a and θ e is effective with small oscillation and overshoot to obtain the target attitude. Such as in Figure 14a , a 3 degree θ a can produce 0.6 rad/s roll angular velocity p (Figure 14d ). Then the helicopter reaches −20 o roll angle φ (Figure 14e ) within 2 s and performs little overshoot and fluctuation. The control of aileron and elevator consumes small amount of power in this process. However, in the real flights, the helicopter needed longer time to stable during the turning point under main rotor control and large amount of power was consumed. The control performance of main rotor cannot be as good as the performance by θ a and θ e in Configuration WDH. The Configuration WDH benefits from a clear flow condition of the wings. It is noteworthy that during the lateral control of aileron, the main rotor also produces a damping moment (L main rotor ). This is a symbol of stability but it indeed lowers the maneuver efficiency. The main rotor reacts more like a burden in this high-speed flight. In addition, an extra q b helps to make the helicopter fly at a stable height. The simulation in coordinated turn proves the feasibility of the elevator component and the differential maneuver of the aileron-wing. The simulation confirms the effectiveness of SCH nonlinear model in a wider route setting.
Conclusions
This article offers a detailed analysis of the nonlinear mathematical model of an innovative small-scale compound helicopter. Three compound configurations were studied. An 11-state nonlinear simulation model was established, considering a free-rotate wing, ducted fan model, horizontal stabilizer model and so forth. Apart from the linear coupled roll pitch dynamics and the linear yaw dynamics, 10 main parameters in the nonlinear model were modified with the help of The simulation in coordinated turn proves the feasibility of the elevator component and the differential maneuver of the aileron-wing. The simulation confirms the effectiveness of SCH nonlinear model in a wider route setting.
This article offers a detailed analysis of the nonlinear mathematical model of an innovative small-scale compound helicopter. Three compound configurations were studied. An 11-state nonlinear simulation model was established, considering a free-rotate wing, ducted fan model, horizontal stabilizer model and so forth. Apart from the linear coupled roll pitch dynamics and the linear yaw dynamics, 10 main parameters in the nonlinear model were modified with the help of system identification results. Flight data of large flight envelope from hover to 32 m/s forward flight were prepared in verification database. Conclusions can be drawn as follows:
(1) Compared with the hover data, the nonlinear dynamics model has high accuracy in simulating the sweep responses, especially in the calculations of pitch and roll angles. The power of main rotor occupied 85% of the gross power. Tail rotor made the gross power vary from 1 kW to 1.7 kW in yaw maneuver. 
